FUNCTION MODELS FOR TEICHMULLER SPACES 
AND DUAL GEOMETRIC GIBBS TYPE MEASURE 
THEORY FOR CIRCLE DYNAMICS 

YUNPING JIANG 

Abstract. Geometric models and Teichmiiller structures have been 
introduced for the space of smooth expanding circle endomorphisms 
and for the space of uniformly symmetric circle endomorphisms. The 
latter one is the completion of the previous one under the Techmiiller 
metric. Moreover, the spaces of geometric models as well as the Te- 
ichmiiller spaces can be described as the space of Holder continuous 
scaling functions and the space of continuous scaling functions on 
the dual symbolic space. The characterizations of these scaling func- 
tions have been also investigated. The Gibbs measure theory and 
the dual Gibbs measure theory for smooth expanding circle dynam- 
ics have been viewed from the geometric point of view. However, 
for uniformly symmetric circle dynamics, an appropriate Gibbs mea- 
sure theory is unavailable, but a dual Gibbs type measure theory 
has been developed for the uniformly symmetric case. This devel- 
opment extends the dual Gibbs measure theory for the smooth case 
from the geometric point of view. In this survey article. We give a 
review of these developments which combines ideas and techniques 
from dynamical systems, quasiconformal mapping theory, and Te- 
ichmiiller theory. There is a measure-theoretical version which is 
called (7-measure theory and which corresponds to the dual geomet- 
ric Gibbs type measure theory. We briefly review it too. 



2000 Mathematics Subject Classification. Primary 58F23, Secondary 30C62. 

Key words and phrases, scaling function, C^^ expanding circle endomorphism, 
uniformly symmetric circle endomorphism, Teichmiiller space, symbolic dynamical 
system, and dual symbolic dynamical system. 

The research is partially supported by PSC-CUNY awards. 

This article is prepared for the proceedings of the International Workshop on Teich- 
mueller theory and moduli problems held at the Harish-Chandra Research Institute 
(HRI), Allahabad, India, January 5 to 14, 2006. 

1 



2 



YUNPING JIANG 



Contents 



1. Introduction. 

2. Circle endomorphisms. 

3. Topological models. 

4. Geometric models, part I. 

5. Teichmiiller structures, part I. 

6. Characterizations, part I. 

7. Teichmiiller structures, part II. 

8. Geometric models, part II. 

9. Characterizations, part II. 

10. Invariant measures and dual invariant measures. 

11. (yf-measures. 

12. Geometric Gibbs measures and dual geometric Gibbs measures. 

13. Dual geometric Gibbs type measures. 



FUNCTION MODELS FOR TEICHMULLER SPACES 



3 



1. Introduction. 

Circle maps arc basic elements in dynamical systems. The dynamics 
of a smooth expanding circle map presents many profound phenomena in 
mathematics and physics such as the structural stability theory, ergodic 
theory, probability theory, and, more recently, chaos theory. Teichmiiller 
theory studies complex manifold structures of almost complex structures 
on Riemann surfaces. We have brought in some concepts and techniques 
in Teichmiiller theory into the study of geometric structures of spaces of 
circle expanding maps. In this survey article we review some development 
in this direction. 

2. Circle endomorphisms. 

The theme here is an orientation-preserving covering map / from the 
unit circle T = {z E C \ \z\ = 1} onto itself. Let d be the topological 
degree of /. We assume that d > 2. The universal cover of T is the real 
line M with a covering map 

7r(x) = e^^^ : K ^ T 

Then / can be lifted to an orientation-preserving homeomorphism F of 
R with the property that F(x + 1) — F{x) + d. Since a covering map of 
degree > 2 has a fixed point, we assume that 2; = 1 is a fixed point of 
/. Then by assuming F{0) = 0, we set up a one-to-one correspondence 
between degree d circle covering maps / with /(I) = 1 and real line 
homeomorphisms F with F{x -|- 1) = F{x) + d. Thus we call in this 
paper / or the corresponding F a circle endomorphism. We use /" (or 
F") to mean the composition of / (or F) by itself n > times. 

A circle endomorphism / is C*^ for A; > 1 if its A;*'*-derivative F^''^ is 
continuous and 6*^+" for some < a < 1 if, furthermore, F^''^ is a-Holder 
continuous, that is, 

sup . — = sup . — < 00. 

A circle endomorphism / is called expanding if there are constants 
C > and A > 1 such that 



(F'^)'(x) > CA", n = l,2,- 
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3. Topological models. 

The topological classification of smooth expanding circle endomor- 
phisms was first considered by Shub [21] in 1960 's. He proved that two 
expanding circle endomorphisms / and g are topologically conjugate 
if and only if they have the same degree. Here / and g are topologically 
conjugate if there is a homeomorphism h oi T such that 

f o h = h o g. 

By also considering the lift G of g and the lift H of h, we have an 
equivalent definition that / and g are topologically conjugate if there is 
a homeomorphism if of M with H{x + 1) = H{x) + 1 such that 

FoH = HoG (modi). 

Shub's proof is an application of the contracting fixed point theorem 
in functional analysis. Consider the space C of all continuous function (p 
on M with (j){x + 1) = (pix) + 1 with the maximum norm 

Ml = sup \(f){x)\. 

xe[o,i] 

Then C is a Banach space. Define an operator C = Cf,g as 

C(f){x) = F-^ o(f)oG -.C ^C. 

(Note that F~^{x + d) = F~^{x) + 1.) Without loss of generality, we 
assume that G = 1. Then one can check that 

So £ is a contracting functional from the Banach space C into itself. And 
thus it has a unique fixed point H, that is, 

F-^oHoG = H 

Similarly, Cg,f has a unique fixed point H, that is, 

G-^ o H o F = H. 

This implies that 

HoH = id. 

Therefore, if is a homeomorphism of TZ such that 

FoH = HoG (modi). 
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There is a more general theorem if we bring in the consideration of 
Markov partitions. Consider a partition of [0, 1] by 

I, = I^J = F'\[i,i + 1]), 0<i<d-l. 

It is a Markov partition in the following sense: If we consider a corre- 
sponding partition of T, which we still denote as then 

(1) the union of these intervals is T; 

(2) all the intervals in the partition have pairwise disjoint interiors; 

(3) the restriction of / to the interior of every interval in the partition 
is injective. 

We use 

Vo = Voj = {Ii}to 
to denote this initial Markov partition. We then have a sequence of 
Markov partitions 

Vn = Vnj = /~"(?7o), n = 0, 1, 2, • • • 

on the unit circle T as well as the unit interval [0, 1]. We can label each 
interval in r)n as follows. Define 

gi{x) = F-\x + i) : [0, 1] ^ /i, i = 0, 1, • ■ ■ , d - 1. 

Each Qi is a homeomorphism. Given a word w„ = io- ■ - ik ' ' ' in-i of 
{0, • ■ ■ , (i — 1} of length n > 1, define 

Let 
Then 

Vn = {Iwn \Wn^io---ik--- in-l: ife G {0, • • • , d - 1}}. 

One can check that for a word w — io - ■ ■ in-iin • • • of infinite length, and 
with Wn — iQ--- in-i, then 

••• C C C C [0,1]. 

Since each is compact, 

= 7^ 0. 

Consider the space 

oo 
n=0 
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= {w = ioii ■■■ik--- in-1 ■■■ I 4 G {0, 1, ■ ■ ■ , - 1}, /c = 0, 1, ■ ■ ■ } 
with the product topology. Then it is a compact topological space. 

If each = {x^} contains only one point, then we define the projection 
7r+ = TT+j from S+ onto T as 

The projection 7r+ is 1-1 except for a countable set B consisting of all 
labellings w of endpoints in the partitions rjn = {Iw^}, n = 0, 1, ■ ■ ■ . 
Let 

Cr+(iy) = ii ■ --in-lin ■ ■ ■ 

be the left shift map. Then (S^,o"+) is called a symbolic dynamical 
system. From our construction, one can check that 

7r_|_ o a^{w) = f o n^{w), w G S^. 

Let 

£n = £n.f = max 

where Wn runs over all words of length n of {0,1,-- - ,d~ 1}. Then we 
have a more general Shub type theorem. 

Theorem 1. Let f and g be two circle endomorphisms such that both 
En J and En^g tend to zero as n ^ oo. Then f and g are topologically 
conjugate if and only if their topological degrees are the same. 

Proof. Since both sets I^j = {x^} and I^^g = {Uw} contain only a single 
point for each w, we define 

h{x^^ Uw 

One can check that /i is a homeomorphism with the inverse h^^{yw) = 

Xw • n 

Therefore, for a fixed degree d > 1, there is only one topological model 
(S+,cr"'") for the dynamics of all circle endomorphisms of degree d with 



4. Geometric models, part I. 

The next theme is the study of geometric models. A result analogous to 
Mostow's rigidity theorem for closed hyperbolic 3-manifolds was proved 
by Shub and Sullivan [25]. The result can be stated as follows: Suppose 
/ and g are two topologically conjugate real analytic expanding circle 
endomorphisms. If the conjugacy h is absolutely continuous, it must 
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be also real analytic. Later, this result was proved for a more general 
case: Suppose / and g are two topologically conjugate (7^^+° expanding 
circle endomorphisms for 1 <k < uj and < a < 1. If the conjugacy h is 
absolutely continuous, it must be also C^~^°'. Smooth invariants of a circle 
endomorphism have also been investigated. A quantity is called a smooth 
invariant if it is the same for / and g as long as / and g are smoothly 
conjugate (this means that the conjugacy is C*^ for k > 1). A point p of 
/ is called a periodic point of period n > 1 if 7^ p for < z < n — 1 
but /"(p) = p. The eigenvalue at a periodic point p of period n is defined 
as Cp = {f"^y{p). The eigenvalue is a smooth invariant. The set of all 
eigenvalues of a C^^" expanding circle endomorphism is actually a set of 
complete smooth invariants, where < a < 1. This means that two C^^" 
expanding circle endomorphisms / and g of degree d > 1 are smoothly 
conjugate if and only if their eigenvalues at the corresponding periodic 
points are the same. Therefore, one can use the set of all eigenvalues to 
classify geometric models of smooth expanding circle endomorphisms of 
the same degree. (Research in this direction has been extended to a larger 
class which even allows one to include maps with critical points. The 
reader who is interested in the smooth classification of one- dimensional 
dynamical systems in this direction may refer to [TOl [TTl [121 [131 [E] for 
more details.) 

However, the structure of the set of all eigenvalues is not clear. In 
what follows, we define a function which is called a scaling function and 
will contain full information about the set of all eigenvalues in this con- 
text. (The name of the scaling function in this context was first used 
by Feigenbaum [8] in describing the universal geometric structure of at- 
tractors of infinitely period doubling folding maps. It was then used by 
Sullivan [26] for Cantor sets on the line to describe differential structures 
for fractal sets. The present form of the definition was formulated in 
for any Markov map and then used to study the smooth classification of 
one-dimensional maps which have certain Markov properties. The reader 
may also refer to [HI |T2] for more details.) 

As we have already seen, given a circle endomorphism of degree d > 1, 
there is an interval system 

{.Vn}n=l ~ {{^Wn}wn}n=l 

where Wn runs over all words of length n of {0,1,-- - ,d— 1}. When we 
constructed the topological model (S+, a^} from this interval system, we 
read each Wn from the left to the right, i.e., Wn = ioh ■ ■ ■ in-i- From the 
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topological point of view, this means that we consider the set of all left 
cylinders 

[Wn] = [Wn]i = [ioii ■ ■ ■ i„_i]; = {w' = IqI'^ ■ ■ ■ ■ ■ ■ \ = io, ■ ■ ■ , 4-i = in-l} 

as a basis for the topology. 

Now let us consider another topology which has a basis consisting of 
all right cylinders. We read w„ from the right to the left, Kn — — 
jn-ijn-2 ■■■jo and define 

= s;^ = {/t = ■ ■ -jn^i ■ --jk • ■ -jijo I jk e {0, 1, • • • /c = 0, 1, • • •}. 

It is a topological space with a basis for the topology consisting of all 
right cylinders 

K] = K]r = [jn-1 ■ ■ ■ jo]r = {k' = ■ ■ ■ j'j'n-l " " " Jo I j'n-l = Jn-1, " " " , j'o = jo}- 

Consider the right shift map 

cr~ : ■■ • in-l • • ■jijo ^ ■ ■■jn-1 ■ ■ ■ji- 

Then we call (E~,(T~) the dual symbolic dynamical system for /. 

Another way to view the symbolic dynamical system and the dual 
symbolic dynamical system is to consider the inverse limit of / : T — 
T. This inverse limit can be viewed as a solenoid with the symbolic 
representation 

E = E- X E+. 

Then E~ represents the transversal direction and E+ represents the leaf 
direction. 

On the transversal direction E", we define a function called the scaling 
function for / as follows. For any n = ■ ■ ■ jn-i ■ ■ ■jijo G E~, let k„ = 
jn-1 ■ ■ ■jijo, cr~{nn) = jn-1 ■ ■ ■ ji- Then 

Define 

Mo— (Kn) I 

Definition 1. If for every n e E~, 

S{k) = Sf{K,) = lim S{K,n) 
n— >oo 

exists, then we have a function 

We call this function the scaling function of /. 
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The space E is a metric space with the metric 



d{w,w') = ^ 



fc=0 

A function S on S~ is called Holder continuous if there are constants 
C > and < /9 < 1 such that 

\S{k) - S{k')\ < C{d{K, K, k' e S". 

Let C^~^ denote the space of all C^"*"" expanding circle endomorphisms 
for some < a < 1. We have: 

Theorem 2. The scaling function S for f G C^^ exists and is a Holder 
continuous function. Furthermore, S is a completely smooth invariant. 
This means that f,gE are conjugate if and only if they have the 
same scaling functions, i.e., Sf = Sg. 

This result is actually proved for a larger class of one- dimensional maps 
which may have critical points. The reader who is interested in this 
direction can refer to [11], [121 UHl [H] • 

Thus geometric models of can be represented by degrees d > 1 and 
scaling functions S as follows. We say / ~s if / and g are conjugate. 
It is an equivalence relation in C^^. Then we have that 

C'+/r^S= {d,S}. 

For a fixed d > 1, let C]^ be the space of / G with the degree d. 
Then 

clV -s= {s}. 

There are two natural problems now. One is to study the geometric 
structure on C]^/ The other is to characterize a scaling function. We 
will discuss these two problems. 



5. Teichmiiller structures, part I. 

A discussion of the first problem follows a similar idea to that of Te- 
ichmiiller theory for Riemann surfaces with the help of the following 
theorem (refer to fl0[ [TT| fT5]). 

Theorem 3. Suppose f and g are two maps in C]^ . Suppose h is 
the topological conjugacy between f and g. Then h is a quasisymmetric 
homeomorphism. 
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A homeomorphism /i of T is called quasisymmetric (see [I] ) if there is 
a constant K > 1 such that 

\H{x + t)-H{x)\ 
- \H{x)-H{x-t)\ - 

for all X G M and all t > 0, where if is a lift of / to the real line. 

Take qd{z) = 2;'^ as a basepoint in C]"^. For any / e C^^, let hf he the 
conjugacy from / to g^, i.e., 

f ohf = hfO q^. 

Thus, we can think of C]^ as pairs (/, hj). Two pairs satisfy (/, hf) ~j 
{g,hg) if hf o is a C^-diffeomorphism. Then ~j is an equivalence 
relation. The Teichmiiller space 

= {[{f,hf)] I / e C]+, with the basepoint [{qd,id)]} 

is the space of all ~requivalence classes [(/,/?-/)] = [{f,hf)]t with the 
basepoint [{qd,id)]. This space has a Teichmiiller metric dri-,-) as we 
describe below. 

We first consider the universal Teichmiiller space. Let QS be the set 
of all quasisymmetric homeomorphisms of the unit circle T factored by 
the space of all Mobius transformations of the circle. (Then QS may 
be identified with the set of all quasisymmetric homeomorphisms of the 
unit circle fixing three points). For any h G QS, let £h be the set of 
all quasiconformal extensions of h into the unit disk. Let K-^ be the 
quasiconformal dilatation of /i G Sh- Using quasiconformal dilatation, 
one defines a distance in QS by 

drih, h2) = inf{logfr^^^-i | hi G Sh^,h2 G £2}- 

Here ( QS, d) is called the universal Teichmiiller space. It is a complete 
metric space and a complex manifold with complex structure compatible 
with the Hilbert transform (see, for example, [1]). 

A quasisymmetric homeomorphism h is called symmetric if there is a 
bounded positive function e(t) such that e(t) ^ 0+ as t ^ 0+ and 

\H(x + t) - H(x)\ 

for any x in M, where H{x + 1) = H{x) + 1 is a lift of h. A C^- 
diffeomorphism of the unit circle is symmetric. However, a symmetric 
homeomorphism of the unit circle could be very singular. Let S be the 
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subset of QS consisting of all symmetric homeomorphisms of the unit cir- 
cle. The space 5 is a closed subgroup of QS. The topology coming from 
the metric dx on QS induces a topology on the factor space QS mod S. 
Given two cosets Sf and Sg in this factor space, define a metric by 

dT{Sf,Sg)= M^J{Af,Bg). 

The factor space QS mod S with this metric is a complete metric space 
and a complex manifold. The topology on {QS mod S, dr) is the finest 
topology which makes the projection n : QS QS mod S continuous, 
and vr is also holomorphic. An equivalent topology can be defined as 
follows. For any h G QS, let h he a quasiconformal extension of to a 
small neighborhood U of T in the complex plane. Let 

r \ ^~(^) ; II II J D 1 + % 

= rTT' h = Wmoo and = -^—r- 

Then the boundary dilatation is defined as 

Bh = in{B~^ 

where the infimum is taken over all quasiconformal extensions of h near 
the unit circle. It is known that h is symmetric if and only ii B^ = 1. 
Define 

1 
2 

The two metrics d and d on QS mod S are equal. The reader may refer 
to [9] for this. The Teichmiiller metric on TC^j^ is defined similarly. Let 
r and r' be two points in TC]^. Then 

c^T(T,r') = ilog5^-i„^^ 

where (/, hf) G r and ((?, Tg) G r'. 

Since the space of geometric models can be represented by the space 
of scaling functions, the Techmiiller space can also be represented by the 
space of Holder continuous scaling functions Sf for f G C^^ with the 
basepoint S{k,) = 1/d. 

6. Characterizations, part I. 



dihi,h2) = -logR-i^^ 



The characterization of a scaling function has been done for d = 2, 
which is the most interesting case for us. First by the definition of a 
scaling function, one can easily check that 

S{kO) + S{k1) = 1, kgS-=S^. 
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We call this the summation condition. In addition to this condition, a 
scaling function also enjoys another non-trivial condition which we call 
the compatibility condition, 

n 
n 

Actually, this infinite product converges to the constant exponentially. 
(Its general term must tend to 1 as n goes to oo. This implies that 
S'(---OOO) = S'(---lll).) We showed that the converse is also true as 
follows. 

Theorem 4. Let S be a positive Holder continuous function on S^. 
Then S is the scaling function of a map in if and only if S satisfies 
the summation and compatibility conditions. 

The original proof of this theorem is given in [1] and uses the Gibbs 
measure theory and some constructions in [22] . A proof without using the 
Gibbs measure theory can be founded in [16]. In the proof, we find the 
connection between the scaling function and the solenoid function and 
the linear model for a circle endomorphism and use some constructions 
in [5] (refer to Theorem [7]). We would like to note that the solenoid 
function and the linear model are also interesting geometric invariants for 
a circle endomorphism. The solenoid function for a circle endomorphism 
is defined in [2^ and used to describe an affine structure along leave 
directions E"*" of the solenoid S~ x E"*". It has been studied in [21]. The 
linear model for a circle endomorphism is defined in [6]. A linear model 
can be thought of as a nonlinear coordinate on the unit circle. In [6], a 
question about what kind of nonlinear coordinate can be realized by a 
smooth expanding circle endomorphism arose. This question was studied 
in [3] by employing some results in quasiconformal theory (refer to [1]). 
A much simpler understanding was given in [16] by employing the naive 
distortion property (see [IT]). 

Therefore, the Tedhmiiller space TC\'^ is represented by the space of 
positive Holder continuous functions on S~ satisfying the summation and 
compatibility conditions with the basepoint S{k) = 1/2. 

It is clear that the summation condition is true for any d > 2. This 
means that the scaling function 5* of / G C^^ satisfies 

S{kO) + S{k1) + ■■■ + S{K{d - 1)) = 1, K G S" = S". 
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The compatibility condition for d > 2 should be similar. However, the 
proof of the characterization of the scaling function for a map in C^~^ for 
d > 2 should be slightly more complicated than the case d = 2, but it is 
a promising problem. 

7. Teichmiiller structures, part II. 

The Teichmiiller space (TC]^, dxi-, ■)) is not complete. Its completion 
is an interesting subject to be studied. A circle endomorphism / of 
degree d is called uniformly symmetric if all its inverse branches for 
n = 1, 2, ■ ■ ■ , are symmetric uniformly. More precisely, there is a bounded 
positive function e(t) with e(t) — » 0+ as t — 0+ such that 

l-e(t) < \F-n\^^ - F-Hx - t)\ - ^ e ^ > 0' ^ = 1' 2, ■ • • . 

By the naive distortion lemma (see, for example, [llj) we have 

Proposition 1. Any map f G C^^ is uniformly symmetric. 

Let US be the space of all uniformly symmetric circle endomorphisms 
of degree d >2. The above proposition says that C US. However, a 
map in US can be quite different. For example, it may not be differen- 
tiable and may not be absolutely continuous. However, we have shown 
that from the dual point of view, it has a lot of similarity to what we 
have studied for a map in C^^. (However, a expanding circle endo- 
morphism is very different from what we have studied for a map in C^~^ 
(see |22]).) 

For a fixed d > 2, let USd be the space of all uniformly symmetric 
circle endomorphisms of degree d. For / G USd., it is certainly uniformly 
M-quasisymmetric for a fixed constant M > 1, that is, 

M-^ < iCi^^^^ "^""^""11 < M, xGR, t>0, n=l,2,---. 
- |F-"(x) -F-"(x-t)| - ' ' 

We have: 

Proposition 2. /// G USd, then there is a constant C > such that 

SM = I > C 

l-'cr- {k„) I 

for all finite words /t„ = j„_i ■ ■ ■ jijo o/ {0, 1, ■ ■ ■ , - 1}. 
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The above proposition means that the sequence of nested partitions 

{Vn}n=l ~ {{-^'i«7i}wn}n=l 

has bounded geometry. Using the above proposition and the summation 
condition, we have constants D > and < r < 1 such that 

e„<Dr", n = l,2,---. 

Therefore, just hke in the proofs of Theorem [1] and Theorem [3l we have: 

Theorem 5. Any two maps f,g& USd are topologically conjugate and, 
furthermore, the conjugacy h is quasisymmetric. 

With this proposition, we can define the Teichmiiller space for USd as 
we did for C^^. Take Qdiz) = z'^ as a basepoint in USd- For any / G USd, 
let hf be the conjugacy from / to qd, i.e., 

f ohf = hfo q^. 

Thus we can think of USd as pairs (/, hj). Two pairs satisfy (/, hj) ~j 
{g, kg) ii hf o h~^ is symmetric. Then ~t is an equivalence relation. The 
Teichmiiller space 

TUSd = {[(/, hf)] \ f E USd, with the basepoint [{qd,'id)]} 

is the space of all ~i-equivalence classes [{f,hf)] = [{f,hf)]t equipped 
with a Teichmiiller metric 

c^T(r,r') = ^log5^-i„^^ 

where (/, hf) G r and {g, hg) G r'. 

If f,g e C]+ and if the conjugacy h between / and g is symmetric, 
then h must be C^. The reason is that if the conjugacy between / and 
g is symmetric, then their scaling functions Sf and Sg must be the same 
(refer to Theorem [7]). Therefore they are C^-conjugate and the conjugacy 
h must be (see Theorem |2l). (A related easy but interesting fact is that 
the ratio of eigenvalues e/(p) and eg{h{p)) of / and g at corresponding 
periodic point p and h{p) determines the local quasisymetric constant of 
h at p. If h is symmetric, its local quasisymmetric constant at p is 1, so 
the ratio ef{p)/eg{h{p)) is 1.) This implies that the Teichmiiller space 
TC]^ is indeed a subspace of the Teichmiiller space TUSd- Furthermore, 
we have (refer to [H |5]): 

Theorem 6. The space {TUSd,dT{-,-)) is a complete complex Banach 
manifold and is the completion of the space {TC]^, dx^-, ■))■ 
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The local model of the complex Banach manifold can be thought of as 
the set of Beltrami coefficients on the upper-half plane H (complex L°° 
functions on the upper-half plane EI with ||yu(z)||oo < 1) such that 
li{dz) = fi{z) and + n) — fi{z)\ uniformly for n as Q{z) 
(refer to [3ll2[5]). 

8. Geometric models, part II. 

The geometric models of maps in USd can also be represented by their 
scaling functions. Two maps f,g & USd are called symmetrically conju- 
gate if the conjugacy between them is symmetric. This is an equivalence 
relation which we denote as / g. The space USd/ ^sy of geometric 
models for maps in USd is the space of all equivalence classes. We have 
(refer to [5]): 

Theorem 7. Suppose f G USd- Then its scaling function 

S = Sf:J:- ^ R+. 

exists and is a continuous function. Furthermore, it is a complete sym- 
metric invariant for USd; this means f and g are symmetrically conjugate 
if and only if their scaling functions are the same, i.e., Sf = Sg. 

Thus TUSd can be represented by scaling functions Sf, i.e., 
USd/ ~sy= {Sflfe USd} 

and 

(TUSd = {Sf I / G USd, with the basepoint S = dri-, ■))• 



9. Characterizations, part II. 

The characterization of the scaling functions for US2 has been given 

as 

Theorem 8. Let S be a positive continuous function on = S^. Then 
S is the scaling function of a map in US2 if and only if S satisfies the 
summation and compatibility conditions. 
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The proof of this theorem can be founded in |5j. In this case, the 
infinite product 

n 
n 

in the compatibihty condition converges uniformly to a constant. 

Therefore, the Tecihmiiller space TUS2 is represented by the space of 
positive continuous functions on S" satisfying the summation and com- 
patibility conditions. 

Just as in the end of §6, the characterization of a scahng function of 
a map in USd should be slightly more complicated than the case d = 2, 
but it is a promising problem. 

10. Invariant measures and dual invariant measures. 

Consider the symbolic dynamical system (S^, cr^) and a positive Holder 
continuous function ip = %l){w). The standard Gibbs theory (refer to [2] 
or [^) implies that there is a number P = P(\ogip) called the pressure 
and a a^-invariant probability measure fi^ = fi^^^ such that 

^^1 < fi+{[io---in-i]) ^ ^ 

for any left cylinder [io - ■ ■ in-i] and any w = io - ■ ■ z„_i ■ ■ ■ G [io - ■ ■ in-i], 
where C is a fixed constant. Here /i+ is a a'^'-invariant measure means 
that 

/z+((o-+)-i(A))=/.+ (A) 

for all Borel sets of S"*". A o"+-invariant probability measure satisfying 
the above inequalities is called the Gibbs measure with respect to the 
given potential function \ogip. 

Two positive Holder continuous functions tpi and tp2 are said to be 
cohomologous equivalent if there is a continuous function u = u{w) on 
S+ such that 

logipiiw) — \ogip2iw) = u{a^{w)) — u{w). 

If two functions are cohomologous to each other, they have the same 
Gibbs measure. Therefore, the Gibbs measure can be thought of as a 
representation of a cohomologous class. 

The Gibbs measure is also an equilibrium state. Consider the measure- 
theoretical entropy /i^^ (o"^)- Since the Borel a-algebra of S"*" is generated 
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by all left cylinders, then h^^{a~^) can be calculated as 

h^,+ {a+) = lim i V ( - l^+{[w„]) log/x+(K])) 

n— >oo n ^ — ' \ / 

= lim j:(-MK])log(^^f""]^ 

n->oo ^ — ' V il^\(J 



>+(^+(K]))' 

where w„ runs over all words w„ = io " " " in-i of {0, 1, ■ • • , d — 1} of length 
n. Then is an equilibrium state in the sense that 

P(logV') = / ^ogilj{w)diJ,{w) = sup{K{a'^)+ / logV'(ty)c?i^M} 

where z/ runs over all cr^-invariant probability measures. The measure 
11+ is unique in this case. 

There is a natural way to transfer a cr'^'-invariant probability mea- 
sure 11+ (not necessarily a Gibbs measure) to a cr^-invariant probability 
measure as follows. Given any right cylinder \jn-i ■ ■ • jo\r in let 
■■•jo define a left cyhnder 

[io • • • in-i\i = {w' = • • • ■■■ I = io, • • • , = 

Then define 

H-{\jn-l ■ --jolr) = l^+&0 ■ ■ -in-ill) ■ 

Then 

/^-(bn-l • • -jolr) = l^+{[io ■ ■ -in-ill) = H+{{a^)~\[io - ■ -in-ill)) 

d-1 d-1 

= l^+{^tZo[iio - --in-lll) = ^/i+([Mo • --in-lll) = ^/i-([7J„-l • • - Jo])- 

i=0 j=0 

This implies that satisfies the finite additive law for all cylinders, i.e., 
if 74i, • • • , Ak are finitely many pairwise disjoint right cylinders in E~, 
then 

k 

A._(ULA) = 

1=1 

Also fjL- satisfies the continuity law in the sense that if {Anj^^i is a 
decreasing sequence of cylinders and tends to the empty set (this means 
An+i C An and fl^^A^ = 0), then tends to zero as n goes to oo. 

The reason is that since a cylinder of S~ is a compact set, a decreasing 
sequence of cylinders tending to the empty set must be eventually all 
empty. The Borel cx-algebra in E~ is generated by all right cylinders. So 
II- extends to measure on E~. We have the following proposition. 
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Proposition 3. /i_ is a a -invariant probability measure. 

Proof. We have seen that n~ is a measure on E~. Since yU_(S~) = 1, it 
is a probability measure. For any right cyhnder [jn-i ■ ■ ■ jo]r, 

/^-((<^")"^(bn-l • ■■jo]r) = fl-{U^Zl[jn-l ■ ' • Joj]r) 
d-l d-l 

= ^-(bn-1 • • • joj]r) = Yl ^"+^[^0 ■ ■ ■ ^"-1^10 

j=0 i=0 

= fl+{[jflQ[io ■ ■■in-li]l) = l^+{[io ■ ■■in-l]l) = l^-{[jn-l ■ ■ ■jo]r)- 

So II- is (7~-invariant. □ 

We call a dual invariant measure. A natural question now is as 
follows. Is a dual invariant measure a Gibbs measure with respect to 
some continuous or Holder continuous function on E~ ? 

A more interesting geometric question is the following. Consider a 
metric induced from the dual invariant measure /x_ (in the case that /i_ 
is supported on the whole E~ and is non-atomic), that is, 

d{K, k') = H_{[jn-1 ■ ■ ■ jo]) 

where [jn-i---jo] is the smallest right cylinder containing both n = 
■ ■ -jnjn-i ■■■jo and k' = ■■ ■ j'Jn-i ■ ■ ■jo, jn 7^ j'n- Is a' diffcrcntiablc 
with a continuous or Holder continuous derivative under this metric? 
More precisely, does the limit 



dx n-»oo /X_([j„_i ■ ■ ■ jijo]) n^oo . . .jijo]) 

exist for every k — • • ■ jn-i ■ ■ ■ jijo ^ S~ ? ^f it exists, is the limiting 
function continuous or Holder continuous on ? 

Actually, there is a measure-theoretical version related to these ques- 
tions. I will first give a brief review of this theory. 

11. 51- measures. 

Let X be E^ (or E^) and let / be (or a^). Let B be the Borel 
(T-algebra of X. Let Ai{X) be the space of all finite Borel measures on 
X. Let Ai{X, f) be the space of all /-invariant probability measures in 
M{X). Let C{X) be the space of all continuous real functions on X. 
Then M{X) is the dual space of C{X). Denote 

<0,//>= / (t){x)dix, e C(X) and e A4(X). 
Jx 
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A real non-negative continuous function on X is called a (^-function 
(the historic reason to call such a function a (^-function is because of 
Keane's paper [IS]) if 

fy=x 

For a function ip, define the transfer operator from C{X) into itself 

as 

= G C(X). 

/(?/)=^' 

One can check that £^0 = Ci{ip(j)) and if ■?/' is a (yf-function, then C^l = 1. 
Let £^ be the dual operator of C^, that is, £^ is the operator from A4{X) 
into itself satisfying 

< (f),C*,fi >=< C^(j),fi>, V0 G C(X) and V/i G A^(X). 

Suppose '?/' is a ^f-function. Then a probability measure /x G J^{X) is 
called a (yf-measure if it is a fixed point of C^, that is, 

A ^f-measure is a /-invariant measure because 

fi{r\B)) =< lf-^B),f^>=< lijo/,£;/i> 

=< C^Ib o f,i^>=< lij,At >= fi{B), MB G i3. 
For any G A<(X), let Ji = C[^. 

Proposition 4. 

/^(5) = EM/(5n[j])) 

i=o 

where B is any Borel subset in B and [j] is the right cylinder of j . More- 
over, if E A4{X, f), II is absolutely continuous with respect to Jl. 

Proof. For any Borel subset B E B, 

Ji{B) =< IsXlf^ >=< 'CiIb,/! > . 

But 

d-1 d-1 
j=0 j=0 

So we have that 

d-1 
j=0 



D^{x) = —{x), n — a.e. x 
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If II is /-invariant, then we have 

ji{B) = xi/^(/(5n[j])) = xiMr^(/(i?nb]))) > J2^'(Bm) = m- 

j=0 j=0 j=Q 

Therefore, /i(-B) = whenever J1{B) = 0. So /z is absolutely continuous 
with respect to Jl. □ 

Suppose /i G A4{X,f). Then fi is absolutely continuous with respect 
to Jl. So the Radon- Nikodym derivative 

djl 

of /i with respect to Jl exists Jl-a..e. and is a /I-measurable function. We 
would like to note that Jl may not be absolutely continuous with respect 
to /i. 

The following theorem was proved by Leddraper in [20] and was used by 
Walters in [28] in the study of a generalized version of Ruelle's theorem. 

Theorem 9. Suppose if) is a g-function and ^ G A4{X) is a probability 
measure. The followings are equivalent: 

i) fi is a g-measure, i.e., = /i. 

ii) n G M.{X, /) and D^{x) = ip{x) for Jl-a.e. x. 

iii) /i G M{X, f ) and 

E[cP\f-\B)]{x) = C^(l){fx) = i^{y)ct>{y), for li-a.e. x 

fy=fx 

where E[(j)\f~^{B)] is the conditional expectation of (j) with respect 
to f~\B). 

iv) yU G Ai{X, f) and is an equilibrium state in the meaning that 

= K{f)+ [ log^d/i = sup{/i,(/)+ [ logijdu\ueMiX,f)}. 
Jx Jx 

(Note that the pressure P(log?/') = for a g-function ip.) 

For any (T"'"-invariant probability measure let fi- be the dual a~- 
invariant probability measure which we have constructed in the previous 
section. Then we have a /I+-measurable function 

\w) = hm -rr. : T^, for /i+-a.e. w = IqIi ■ ■ ■ tn-i ■ ■ ■ 
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and a /^--measurable function 

D^,_{K) = hm — — -, for /i_-a.e. k = • ■ ■ jn-i ■ ■ ■ Jo- 



n— >oo 



Now tfie question related to those at the end of the previous section is as 
follows. Can we extend as well as D^^ to a continuous g^-function 
or a Holder continuous gi-function? 

The Borel cr-algcbra of S"*" (or of E~) is generated by all left cylinders 
(or all right cylinders). The measure-theoretical entropy /i^_^((j"'") can be 
calculated as 

= lim - V ( - n+{[wn])logn+{[wn])) 

= lim^(-;.-(K])log( 

where Wn runs over all words Wn = io ■ ■ ■ in-i of {0, 1, ■ ■ ■ , rf — 1} of length 
n. The measure-theoretical entropy h^_{a~) can be calculated as 

hn_{cr~) = lim - V (-//_([«„]) log //_([«„])) 

= lim^(-/.-(M)log( 

where k„ runs over all words k„ = j„„i ■ ■ ■ jo of {0, 1, ■ ■ ■ , d — 1} of length 
n. We would like to know when is (or an equilibrium state? We 
have studied these questions for C^"*" and for US. 

12. Geometric Gibbs measures and dual geometric Gibbs mea- 
sures. 

Consider / e C^'^ . Then 1/ f'{x) can be hfted to a positive Holder 
continuous function 'ip{w) — i^{{w) = 1/ f'{7r^{w)) on the symbolic space 
S+. By thinking of logi/j as a potential function for the dynamical system 
(S+,o"+), there is a unique o" "'"-invariant measure /x+ = as we have 
mentioned in the previous section such that 

^ fi+{[io---in-i]) ^ ^ 

~ nr=oV((^+)'(«^)) " 

for any left cylinder [io • • • in-i] and any w = io ■ ■ ■ in-i • • • € [io • • • in-i]) 
where C is a fixed constant. (Note that P — P{log'ijj) = in this case.) 

The geometric model [f]s in can also be represented by the Gibbs 
measure //+ with respect to ip{w) — l//'(7r+(t(;)). The reason is that any 
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(7 G [f]s is smoothly conjugate to /, so there is a diffeomorphism h 
of T such that = Then f {h{x))h' {%) = h'igix))g'{x). 

Therefore, 

\ogip f{w) — log ipgi^w) = log h'{w) — log h' {a~^ (w)) . 

So ipg and ipf are cohomologous to each other. We call this //+ a geometric 
Gibbs measure because it enjoys the following geometric property too: 
The push- forward measure /i = (7r+)*/i+ is a smooth /-invariant measure. 
This means there is a continuous function p on T such that 

fi{A) = / p{x)dx, for all Borel subsets A on T. 

There is another way to find the density p. First it is a standard 
method to find an invariant measure for a dynamical system /. Let z/q be 
the Lebesgue measure. Consider the push-forward measure z/„ = (/")*z/o 
by the n^^ iterates of /. Sum up these measures to get 

^ n— 1 

n ^-^ 

k=0 

Any limit /i of a subsequence of will be an /-invariant measure. 
Since we start with an / G C^+, we can prove that the sequence {pn} is 
actually convergent in topology. This means that each i/„ = (/"')*i^o 
has a Holder continuous density 

Following the theory of transfer operators (refer to [171 [7]), p„(x) con- 
verges uniformly to a continuous function p{x). The density of p„ is 
just 

^ 71—1 

n 

A;=0 

So it also converges to p uniformly. Thus p{A) = J^p{x)dx is the limit 
of Pn and is a smooth /-invariant measure. 

Let y = h{x) = p{[0,x]). Then y = h{x) is a C^-diffeomorphism of T. 
Let 

giy) = ho f oh'^iy), x = h-^{y) 

(Note that g here means a circle endomorphism not a gf-function!) Then 
g preserves the Lebesgue measure dy (which means that g*{dy) = dy, or 
equivalently, the Lebesgue measure is (yf-invariant). Since the Lebesgue 
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measure is an ergodic (^-invariant measure, g is unique in the geometric 
model [f]s. 

By considering ip{w) = l/g'^n^w)), it is a gf-function on S+ and /i+ is 
a (yf-measure. Thus /i^ is an equihbrium state. It follows that /i is also 
an equilibrium state, that is, 

= P(-log/'(x)) = /i^(/)- / \ognx)dfi = h,{f)- [ log f\x)p{x)dx 

JT JT 

= sup{/ii,(/) — / log/'(x)c/z/ I z/ is an /-invariant propbability measure} 
Jt 

= hLebig) - / log g'{y)dy, 



Jt 

where hiebig) denotes the measure-theoretical entropy with respect to 
the Lebesgue measure. The equilibrium state is unique in this case. 

Now by considering the dual invariant measure /i_ for this geometric 
Gibbs measure we have: 

Theorem 10. Suppose f G C^+. Consider with the metric d{-,-) 
induced from Then the right shift a~ is a C^^ differentiahle with 
respect to d. The derivative is one over the scaling function Sf, i.e., 

dx S{k) ' 

The proof follows the proof of Theorem [2] and the definition of Note 
that by the definition of the derivative for k = ■ ■ ■ j„_i ■ ■ ■ jijo ^ 

_ lij^ /i-(a~(bn-l---JlJo])) _ jj^ /i-(bn-i ■ ■ ■ Ji]) 



dx n^oo p{[jn-l ■ ■ ■ jlJo]) ^^~{[jn~l " " " jljo]) ' 

The theorem says that it equals to 1/S{k) pointwise. Moreover, this 
convergence is exponentially fast. Then, following the fact that S~ is a 
compact space, we have automatically the Gibbs inequahty that 

for any right cylinder ■ ■ - jo] and any k in this cylinder, where C > 
is a fixed constant. Thus /i_ is a Gibbs measure with respect to the 
potential function log 5*/. We call \i- a dual geometric Gibbs measure. 



Corollary 1. The dual geometric Gibbs measure /i_ is a g-measure with 
respect to the g-function Sj whose pressure P{logSf) = 0. Moreover, 
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= Sf for (i-a.e. k and /i_ is a unique equilibrium state in the sense 

that 



So following Theorem |4] and Theorem [TOl we have: 

Theorem 11. Suppose S{k,) is a Holder continuous function on E~ 
satisfying the summation and compatibility conditions. Then there is a 
unique measure fi- and the metric d{-, ■) induced from /x_ on S~ such 
that 1/S is the derivative of the right shift a~ with respect to this met- 
ric. Moreover, fi^ is an equilibrium state for the dynamical system a~ : 
•)) — s> ■)) from a metric space into itself with the poten- 

tial log S . 

13. Dual geometric Gibbs type measures. 

A map / G US may not be differentiable everywhere (it may not be 
even be absolutely continuous). There is no suitable Gibbs theory to 
be used in the study of geometric properties of a cr "'"-invariant measure. 
We have turned to the dual symbolic dynamical system (S~,cr~) and 
produced a similar dual geometric Gibbs type measure theory. 

An /-invariant measure can be found as we did in the previous 
section. Let z/q be the Lebesgue measure. Consider the push-forward 
measure = (/'^)*z^o and sum them up to get 



Take a weak limit /i of a subsequence of {/in}- Then is an /-invariant 
measure. 

Each hn{x) = /in([0, x]) defines a homeomorphism on T. Since / is uni- 
formly symmetric, the sequence {hn} is also uniformly symmetric. The 
space of all quasisymmetric homeomorphisms with a fixed quasisymmet- 
ric constant is a normal family (refer to [Ij). So there is a subsequence 
of {hn} that converges uniformly to a function which is a symmetric 
homeomorphism h{x) in this case. Furthermore, we have 




sup {h^(a ) + / logS{K)di'(K) \ u is a a -invariant measure^. 




n-l 



h{x) = /i([0, x]). 
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Moreover, by considering 



g = h o f o h 



we see that g is a uniformly symmetric circle endomorphism in the geo- 
metric model [f]sy preserving the Lebesgue measure. 

We can lift fi to S"*" to get a (T"'"-invariant measure /i+ as follows. For 
any finite word w„ = io " " -in-i, consider the cylinder [wn]- Define 



where I^j^ is the interval in the interval system labeled by m„. One can 
check that it satisfies the finite additive law and the continuity law. So 
it can be extended to a o" "'"-invariant probability measure /i+ on S"*" such 
that (7r+)*/i+ = fi. For yU+, we can construct its dual invariant measure 
/i_ on S~ as we did in the previous two sections. Then we have the 
following geometric Gibbs type property as we had before in the smooth 
case: 

Theorem 12. Suppose f e US. Consider S~ with the metric d{-, ■) 
induced from /x_ . Then the right shift a~ is differentiahle. The deriv- 
ative is one over the scaling function Sj, i.e., 



The proof of the theorem follows the proof of Theorem [7] and the 
definition of 

Definition 2. Suppose is a positive continuous function on S^. A 
(T~-invariant measure u is called a geometric Gibbs type measure with 
the potential —logip^n) if 



Corollary 2. The measure fi- in TheoremllMis a geometric Gibbs type 
measure with the potential logSf. Furthermore, /i_ is a g-measure with 
respect to the g-function Sf and D^_{k) = S'/(k) for /i_-a.e. k. More- 
over, fi_ is an equilibrium state in the sense that 




da 



1 




= P{-logS)=h,_ia-) + 



L 



log S{K)dfi_{K) 
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= SVip{h^{(T )+ / \ogS{K)dh'{K)} 

Jt.- 

where v runs over all -invariant probability measures. 
So following Theorem [8] and Theorem [121 have: 

Theorem 13. Suppose S{k,) is a continuous function on satisfying 
the summation and compatibility conditions. Then there is a geomet- 
ric Gibbs type measure /i_ with the potential log 5. Moreover, /i_ is an 
equilibrium state for the dynamical system a~ with the potential logS*. 

The Teichmiiller space TUS is a complex Banach manifold and consists 
of certain positive functions on the dual symbolic space S^. It is an 
interesting problem now to study the change of yU_ when the potential 
logs' is changed in the manifold. The reader who is interested in this 
direction may refer to [HI |23] for some results about differentiating the 
absolutely continuous invariant measure of a map with respect to this 
map. 
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